Abstract-A technique for reducing roundoff noise effects subject to 2-scaling constraints is developed for two-dimensional state-space digital filters by means of high-order error feedback and state-space realization. First, the roundoff noise gain is mimimized subject to 2-scaling constraints by choosing the coordinate transformation matrices appropriately. Optimal highorder error-feedback matrices are then determined so as to minimize the roundoff noise gain in the two-dimensional statespace digital filter obtained via the coordinate transformation matrices. Finally a numerical example is presented to illustrate the utility of the proposed technique.
I. INTRODUCTION
When implementing IIR digital filters with fixed-point arithmetic, it is important to reduce the effects of roundoff noise at the filter's output. Error feedback (EF) is found effective for reducing finite-word-length (FWL) effects in IIR digital filters, and many EF methods have been proposed in the past [1] - [10] . An alternative useful approach is to synthesize the state-space model for the roundoff noise gain to be minimized by applying a linear transformation to statespace coordinates subject to 2 -scaling constraints [11] - [14] . As a natural extension of the aforementioned methods, efforts have been made to develop new methods that combine EF and state-space realization, for achieving better performance [15] - [17] . Separately and jointly optimized scalar or general EF matrix for state-space filters have been explored [15] . A jointly-optimized iterative algorithm with a general, diagonal, or scalar EF matrix using a quasi-Newton method has been developed for state-space digital filters [16] . A similar technique employing a quasi-Newton method is extended to twodimensional (2-D) state-space digital filters with a general, block-diagonal, diagonal, or scalar EF matrix [17] . However, to date the use of high-order EF and its effect on noisereduction performance for 2-D state-space digital filters have not been explored.
In this paper, the problem of separately optimizing highorder EF and state-space realization for minimizing the roundoff noise subject to 2 -scaling constraints is investigated for 2-D state-space digital filters. The novelty of the proposed method has largely to do with the introduction of a dynamic EF that, as will be demonstrated later in the paper, is responsible for performance enhancement in noise gain reduction relative to the systems that employ static (i.e. constant) EF.
II. PROBLEM FORMULATION
Consider a 2-D stable, separately locally controllable and separately locally observable state-space digital filter ( , , , ) + described by the Roessor model [18] 
with
is a scalar output, and 1 , 2 , 3 , 4 , 1 , 2 , 1 , 2 and are real constant matrices of appropriate dimensions. Assuming that the quantization is performed before matrixvector multiplication, an actual FWL implementation of model (1) with error feedforward and high-order EF is obtained as
where is a 1 × ( + ) error-feedforward vector, is a ( + ) × ( + ) diagonal high-order EF matrix and
] .
The coefficient matrices , , and in (2) are assumed to have exact fractional -bit representations. The FWL horizontal (vertical) state vector˜ℎ( , ) (˜( , )) and the output˜( , ) all have -bit fractional representations, while the input ( , ) is a ( − )-bit fraction. The quantizer [⋅] in (2) rounds the -bit fraction˜( , ) to ( − )-bit after the multiplications and additions, where the sign bit is not counted. It is assumed that the roundoff error 0 ( , ) can be modeled as a zero-mean stochastic process with covariance 2 . By subtracting (2) from (1), it follows that
. By taking the ( 1 , 2 )-transform on both sides of (3) and setting the boundary conditions to be null, we obtain
, respectively, and = 1 ⊕ 2 . Define the transition matrix ( , ) by
Since
can be written as
where
New we define the normalized noise gain
where 2 is noise variance at the filter output. Substituting (6) into (7), it follows that
It should be noted that 2 -scaling constraints on the local state vector 0 ( , ) involve the local controllability Gramian of the filter in (1) which can be computed by
A different yet equivalent local state-space description of (1), ( , , , ) , can be obtained via a coordinate transformation 0 ( , ) = −1 0 ( , ) with = 1 ⊕ 4 where
The 2 -scaling constraints are imposed on the local state vector 0 ( , ) so that
The problem being considered here is to design an optimal coordinate transformation matrix as well as diagonal high-order EF matrices 0 , 1 , ⋅ ⋅ ⋅ , −1 that separately minimize the noise gain 2 ( , , ) = tr
subject to 2 -scaling constraints in (11) where
and the error feedforward vector is chosen as = .
III. SEPARATE OPTIMIZATION OF HIGH-ORDER ERROR FEEDBACK AND REALIZATION
The separate minimization is carried out in two major steps. First, we fix the EF matrices to = 0 for = 0, 1, ⋅ ⋅ ⋅ , −1 in (12) so that the objective function is reduced to
which is minimized with respect to matrix = 1 ⊕ 4 subject to the 2 -scaling constraints in (11) . Second, with = 1 ⊕ 4 optimized in the first step, (12) is minimized under the fixed = 1 ⊕ 4 with respect to matrices
To perform the first step, we define the Lagrange functions
The optimal coordinate transformation matrix = 1 ⊕ 4 can be determined by solving the equations
which is led to [15] can be written as
respectively, where 1 1 = and 4 4 = . By numerical manupilations, we can obtain an × ( × ) orthogonal matrix 1 ( 4 ) such that [13] 
Here, we choose the orthogonal matrices 1 and 4 as
Below we consider the case where is a diagonal matrix for = 0, 1, ⋅ ⋅ ⋅ , − 1.
In this case, matrix = 1 ⊕ 4 assumes the form
Then it follows from (12) that
As a result, matrix
. . . ] .
Applying the coordinate transformation specified by = 1 ⊕ 4 = diag{9.336620 9.336620 1.065113 0.986652} so that the 2 -scaling constraints ( With found and fixed, we now consider two cases: one employs a single EF matrix 0 (i.e. = 1) and the other uses two EF matrices 0 and 1 (i.e. = 2). In each case, EF matrix assumes the form of diagonal matrices. The EF matrices were optimized using the method presented in Section III, and the results in terms of noise gain 2 ( , , ) are summarized in Table I , where "3-Bit Quantization" refers to value of 2 ( , , ) where the fraction part of each component of was rounded to 3 bits in a power-oftwo representation. From the table, it is observed that (i) employing a dynamic EF (i.e. with > 1) matrices helps reduce the noise gain in a significant way, and (ii) compared with their infinite-precision counterparts, the use of quantized EF matrices reduces implementation complexity with only slightly degraded performance. V. CONCLUSION
The problem of separate optimization of high-order EF and state-space realization for roundoff noise minimization subject to dynamic range 2 -scaling constraints in 2-D statespace digital filters has been investigated. After choosing the optimal coordinate transformation matrices under the 2 -scaling constraints, high-order EF matrices are determined so as to minimize the roundoff noise gain in the optimal realization where high-order EF matrices are diagonal. A numerical example has been presented to demonstrate the validity and effectiveness of the proposed technique.
